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Possible solution of the cosmological constant problem in the framework of lattice
quantum gravity
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It is shown that in the theory of discrete quantum gravity the cosmological constant problem can
be solved due to the phenomena of elliptic operators spectrum ”loosening” and universe inflation.
PACS numbers: 04.60.-m, 03.70.+k
1. Let’s outline shortly the cosmological constant
problem (see, for example, [1]).
Consider Einstein equation with Λ-term (~ = c = 1):
Rµν −
1
2
gµνR = 8piGTµν + Λ gµν , (1)
G ∼ l2P ∼ 2, 5 · 10
−66 cm2 . (2)
According to today experimental data
Tµν ∼ 10
8cm−4 −→ 8piGTµν ∼ 5 · 10
−57cm−2 , (3)
Λ ∼ 10−56cm−2 . (4)
Thus, if Einstein equation (1) is applied to the today
dynamics of universe, the quantities in its right hand side
are of the same order indicated in (3) and (4).
On the other hand, any elementary estimation of the
right hand side of Eq. (1) in the framework of canonical
quantum field theory gives extremely large value in com-
parison with the experimental data (3) and (4). Indeed,
the vacuum expectation value of the energy-momentum
tensor in free quantum field theory has the order
〈Tµν〉0 ∼
∫
|k|<kmax
d(3) k
(2pi)3
(
kµkν
k0
∣∣∣∣
k0=|k |
)
. (5)
Here kµ is the 4-momentum the corresponding mode. If
in the integral (5) kmax ∼ l
−1
P (Planck scale), then it
follows from (5) and (2)
8piG〈Tµν〉0 ∼ l
−2
P ∼ 10
66 cm−2 . (6)
It is clear that the interaction of fields doesn’t changes
qualitatively the estimation (6) which in any case is in-
compatible with the experimental estimations (3), (4).
It is well known that the solution of the outlined prob-
lem is absent at present [1], though some interesting
ideas have been appeared lately (see, for example [2],
[3], [4]). In this letter I do try to present the qualitative
∗e-mail:vergeles@itp.ac.ru
estimations showing the compatibility of discrete quan-
tum gravity in quasi-classical state with the cosmologi-
cal experimental data (3) and (4). This means that in
the considered theory the vacuum expectation value of
the energy-momentum tensor becomes enough small due
to (i) the phenomenon of ”loosening” of elliptic opera-
tors spectrum and (ii) inflation of universe. Moreover,
the quantum degrees of freedom exist right up to Planck
scale. The estimations are based on the results obtained
in the papers [4], [5], [6].
2. It is necessary to write out some formulae from the
work [6]. Here the notations are completely identical to
that in [6].
Let K be a 4-dimensional simplicial complex such that
the 3-dimensional complex S = ∂ K has the topology of
3-sphere S3. To each vertex ai ∈ K, the Dirac spinors ψi
and ψi belonging to the complex Grassman algebra are
assigned. To each oriented edge aiaj ∈ K, an element of
the group Spin(4)
Ωij = Ω
−1
ji = exp
(
1
2
ωabij σ
ab
)
, σab =
1
4
[γa, γb] , (7)
and also an element eˆij ≡ eaijγ
a, such that
eˆij = −Ωij eˆjiΩ
−1
ij , −∞ < e
a
ij <∞, (8)
are assigned. The notations ψAi, ψAi, eˆAij , ΩAij and
so on indicate that the edge XAij = aiaj belongs to 4-
simplex with index A. Let aAi, aAj, aAk, aAl, and
aAm be all five vertices of a 4-simplex with index A and
εAijklm = ±1 depending on whether the order of vertices
aAi aAj aAk aAl aAm defines the positive or negative ori-
entation of this 4-simplex. The Euclidean action of the
theory has the form
I = 15×24
∑
A
∑
i,j,k,l,m εAijklm tr γ
5 ×
×
{
− 1
2 l2
P
ΩAmiΩAijΩAjmeˆAmkeˆAml+ (9)
+ i48γ
a
(
ψAiγ
aΩAijψAj − ψAjΩAjiγ
aψAi
)
eˆAmj eˆAmkeˆAml
}
.
The oriented volume of a 4-simplex with vertexes
aAi, aAj , aAk, aAl, and aAm is equal to
VA =
1
4!
1
5!
∑
i,j,k,l,m
εA ijklm ε
abcd eaAmie
b
Amje
c
Amke
d
Aml .
(10)
2The quantity l2ij =
∑4
a=1(e
a
ij)
2 is interpreted as the
square of the length of the edge aiaj .
The partition function Z for a discrete Euclidean grav-
ity [8] is defined as follows:
Z = const ·
(∏
E
∫
dΩE
∫
d eE
)
×
×
(∏
V
dψV dψV
)
exp
(
− I
)
. (11)
Here, the vertices and edges are enumerated by indices
V and E , and the corresponding variables are denoted by
ψV , ΩE , respectively, dΩE is the Haar measure on the
group Spin(4), and
d eE ≡
∏
a
d e
a
E , dψV dψV ≡
∏
ν
dψVν dψVν . (12)
The index ν enumerates individual components of the
spinors ψV and ψV .
Let’s denote by X a 4-dimensional smooth manifold
with topology of the complex K. Consider a set of
maps {g} from geometrical realization of the complex
K onto manifold X which are not necessarily one-one
maps. For a given local coordinates xµ, µ = 1, 2, 3, 4
a map g defines the coordinates of images of vertexes
aA i: x
µ
g(A i) ≡ g
µ(aA i). Define the four differentials
dx
µ
g(A ji) ≡ x
µ
g(A i) − x
µ
g(A j) , i 6= j , i = 1, . . . , 4.
(13)
Suppose the smooth fields ωabµ (x), e
a
µ(x), ψ(x), ψ(x) are
defined on the manifold X . Then we can define the dis-
crete lattice variables according to the relations
ωabµ (xg(Am)) dx
µ
g(Ami) = ω
ab
Ami,
eaµ(xg(Am)) dx
µ
g(Ami) = e
a
Ami, ψ(xg(A i)) = ψA i. (14)
On the contrary, the discrete lattice variables in the
right hand sides of Eqs. (14) define the values of the
fields on the images of vertexes of the complex. It
is clear [6] that for the discrete lattice variables which
change enough smoothly along the complex we obtain
the enough smooth fields. Moreover, in this case the dis-
crete action (10) transforms to the well known continuum
action
I =
∫
εabcd
{
− 1
l2
P
Rab ∧ ec ∧ ed+
+ i12
(
ψ γaDµψ −Dµψ γa ψ
)
dxµ ∧ eb ∧ ec ∧ ed
}
,
ea = eaµ dx
µ, ωab = ωabµ dx
µ, (15)
dωab + ωac ∧ ω
cb = 12 R
ab.
I emphasize that we obtain the action (16) only if the
lowest derivatives of the fields are taken into account.
It is important that in this case the information on the
structure of the complex is lost. This is incorrectly if
the highest derivatives of the fields are also taken into
account. In the work [6] the arguments have been given
that the quasi-classical phase at the same time is the
macroscopic continuum phase with long correlations and
hence, also, the phase in which the highest derivatives
of the fields can be ignored. In this phase the partition
function is saturated by normal (smooth) modes but not
by anomal modes responsible for Wilson state doubling
[5].
It is important that in the quasi-classical phase the
universe wave function does not depend on the discrete
variables eaA ij in a wide diapason. This statement is true
in the same context as the highest derivatives of the fields
can be ignored. Indeed, in the quasi-classical phase the
action (16) as well as the universe wave function depend
on the fields ωabµ (x), e
a
µ(x), ψ(x), ψ(x) which are present
in the left hand side of Eqs. (14). Thus, fixing these
fields and varying the maps g or, equivalently, the images
of vertexes xµg(A i) and, hence, the differentials dx
µ
g(A ji),
one can vary the discrete variables eaAmi in the right hand
side of Eqs. (14) in a wide region.
To clarify the situation, let’s consider the case when
geometry of the space-time is flat or almost flat. In the
flat case one can take
ωabij = 0 ,
(
eaij + e
a
jk + . . .+ e
a
li
)
= 0 . (16)
Here, the sum in the parentheses is taken over any closed
path formed by 1-simplices. Equations (16) indicates
that the curvature and torsion are equal to zero. Thus,
geometrical realization of the complex K is in the four-
dimensional Euclidean space, eaij being the components of
the vector in a certain orthogonal basis in this space, and
if Rai is the radius-vector of vertex ai, then e
a
ij = R
a
j−R
a
i .
In this case one can take eaµ(x) = δ
a
µ. It is evident that
Eqs. (16) are the only restrictions for the variables eaij .
3. Now we are able to study the problem of spectrum
loosening. Here the spectrums of elliptic operators on the
subcomplex ∂ K are studied. Note that although even in
the simplest case the subcomplex ∂ K has the topology
of 3-sphere S3, here one can consider enough large sub-
complexes of ∂ K as flat one and keep in mind Eqs. (16).
Firstly, I write out the trivial formula for the volume
in momentum space occupied by all modes of scalar field
defined on the vertexes of periodic cubic lattice with the
total number of vertexes N and volume V Here the spec-
trum of elliptic operators on the subcomplex ∂ K:
Ω = (2pi)3
N
V
. (17)
The estimation (17) remains true for all fields with the
spin of the order of one; moreover, this estimation re-
mains qualitatively true for the case of irregular lattice
when the spacings between neighbor vertexes are com-
mensurable. I say that in this case the modes are densely
packed in momentum space.
3Now let’s pass to the spectrum ”loosening” problem in
the discrete quantum gravity.
The subsequent estimations in this Subsection are
made for the intermediate regime from confinement phase
to the quasi-classical phase. In [6] the arguments are
given that in this regime the fields at nearest regions
of space volume are correlated weakly. It is natural to
assume that the same conclusion remains true at initial
times in quasi-classical phase. Therefore let us divide the
macroscopic volume V with the total number of degrees
of freedom (or the number of modes which in one’s turn
is of the order of the number of vertexes of the complex)
N into N subvolumes vi in each of which ni degrees of
freedom is contained. Thus
N∑
i=1
ni = N ,
N∑
i=1
vi = V , (18)
and
ωi = (2pi)
3ni
vi
(19)
is the minimal possible volume in momentum space occu-
pied by ni modes placed in the volume vi. Now instead of
the quantity (17) one must consider the following quan-
tity
Ω˜ =
(2pi)3
N
N∑
i=1
ni
vi
. (20)
Indeed, the minimum of quantity (20) subjected to the
constraints (18) is equal to (17).
Since in the considered theory the volumes vi are vari-
able quantities, one must introduce the measure on the
manifold of volumes {vi}. In [6] the measure
dµ =
(N − 1)!
V N−1
δ
(
V −
N∑
i=1
vi
)
N∏
i=1
d vi , vi > 0 ,
∫
dµ = 1 (21)
was suggested.
To justify the measure (21), I note that the volumes
and the forms of elementary cells of the space are arbi-
trary and mutually independent, and the wave function
of universe depend weakly on these values in wide dia-
pason in the quasi-classical phase of the theory (see the
previous Subsection). The volumes of elementary cells
are determined according to Eq. (10) only by 1-forms eaij
which change independently in integral (11), and the ac-
tion under integral for partition function depends weakly
(does not depend at all on the discrete variables satis-
fying Eqs. (16) in the long-wave limit) on the variables
eaij in the quasi-classical phase. Moreover, the measure
in integral (11) is proportional to the product of all dif-
ferentials d eaij , which in one’s turn is proportional to the
product
∏N
i=1 d vi. So we see that the simplest measure
(21) is valid for averaging.
Hence, instead of (20) the more physically sensible
quantity is
〈Ω˜ 〉 ≡
∫
Ω˜ dµ = (2pi)
3N − 1
V N
N∑
i=1
ni
∫
vi≪V
d vi
vi
=
= (2pi)3
N
V
∫
vi≪V
d vi
vi
. (22)
The last equality follows from the first constraint in (18)
and the relation N ≫ 1.
The comparison of Eqs. (17) and (22) shows that
the phenomenon of essential expansion of the momentum
space volume occupied by quantum field modes arises as
the consequence of the dynamics of the system. This
expansion factor is of the order of
κ1 ∼
∫
vi≪V
d vi
vi
= 3 ln
a1
a0
= 3 ln ξ0 . (23)
Here a0 is some minimal dimension of the theory and
a1 ≪ V
1/3. It seems that a0 ≫ lP , since only at |e
a
ij | ≫
lP the quasi-classical phase can exist (see [6]).
Now it is necessary to take into account that instead
of quantities (ni/vi) in Eq. (20) one must use the av-
eraged (over shortest wavelength fluctuations) quantities
〈(ni/vi)〉. Thus, using the obtained estimation (23) we
elaborate a kind of renormalization group describing loos-
ening of mode packing. Let J be the number of steps of
renormalization group and
ξj =
aj+1
aj
= ξ ≫ 1 , j = 1, . . . , J , (24)
aJ+1 = amax ≪ a, and a is the universe radius. Thus
ξJ = ξ1ξ2 . . . ξJ = amax/a0. For rough estimation let us
take
J =
1
λ
ln
amax
a0
≫ 1 , ln ξ = λ≫ 1 . (25)
Using Eqs. (23)–(25) it is easy to see that the expansion
factor of momentum space volume occupied by modes
after J steps is
κJ =
J∏
j=1
(3 ln ξj) = (3 ln ξ)
J =
(
amax
a0
)(ln 3λ)/λ
. (26)
The value of the right hand side of Eq. (26) can bee very
large (many orders) in magnitude. This phenomenon is
called here as ”spectrum loosening”. It seems that the
effect of spectrum loosening and translational invariance
are compatible on the breathing lattice.
It follows from the presented analysis, that the contin-
uum quantum gravity arising from the discrete quantum
gravity (if it exists) possess very unusual properties. For
4example, let’s try to estimate the contribution to the cos-
mological constant due to the quantum field fluctuations
in the framework of presented here theory taking into
account the estimation (26). We shall see that follow-
ing this path one can solve the problem of a large value
of cosmological constant. Indeed, in the elaborated here
theory the estimation (6) should be corrected by the fac-
tor κ−1J ≪ 1 for the reason of noncompact packing of
the field modes in momentum space! Thus, instead of
the estimation (6) now we have the following one
Λeff ∼
(
a0
amax
)(ln 3λ)/λ
l−2P ≪ l
−2
P . (27)
So the effective cosmological constant can be made
enough small.
4. In [6] the arguments have been given that the quasi-
classical phase of the theory does actually exist. Here
in the Subsection 3 it is shown that the properties of
such theory are very unusual for the reason of ”spectrum
loosening” phenomenon at the beginning of universe in-
flation. Now the question arises: what looks like such
unusual continuum quantum theory of gravity? In this
Subsection I try to describe phenomenologically a variant
of continuum quantum theory of gravity with the neces-
sary properties. Below under the dynamic system the
continuum quantum theory of gravity is meant. Here
the results of the work [4] are used. To quantize the
general covariant theories I follow the well known Dirac
quantization procedure. For clearness it is convenient to
formulate the main assumptions in the form of axioms.
Axiom 1. All states of the theory having physical
sense are obtained from the ground state | 0 〉 using the
creation operators A†n:
|n1; . . . ; ns 〉 = A
†
n1 · . . . ·A
†
ns | 0 〉 ,
An | 0 〉 = 0 . (28)
States (28) form an orthogonal basis of the space of phys-
ical states of the theory.
Here the operators A†n and their conjugates An are the
generators of bosonic and fermionic Heisenberg algebra.
For the case of compact spaces which is interesting for
us, the index n belongs to a discrete finite-dimensional
lattice.
Since states (28) are physical, they satisfy the relations
HT |n1; . . . ; ns 〉 = 0 , (29)
where HT is the complete Hamiltonian of the theory. We
assume thatHT =
∑
Ξ vΞχΞ, where {χΞ} is the complete
set of the first class constraints and {vΞ} is an arbitrary
set of Lagrange multipliers.
Equations (28) and (29) are compatible if and only if
the following relations are valid:
[An, HT ] =
∑
Ξ,Π
rnΞΠvΞ χΠ ←→
←→ [A†n, HT ] = −
∑
Ξ,Π
χΠ v
∗
Ξr
†
nΞΠ . (30)
Let an arbitrary field (or more general operator) Ψ(x)
be represented as a normal ordered power series in oper-
ators (A†n, An) (here the index n is fixed):
Ψ = Ψ′ + ψ(+)n An +A
†
nψ
(−)
n . (31)
Here ψ
(±)
n are treated as the wave functions of the corre-
sponding states. By definition, here the operator Ψ′ does
not depend on the operators (A†n, An):
[Ψ′, A†n] = [Ψ
′, An] = 0 . (32)
It follows from Eqs. (30)–(32) that
[Ψ, HT ] = [Ψ
′, H′T ]+
+
∑
Ξ
(qΞχΞ + χΞq˜Ξ) + (pnAn +A
†
np˜n) . (33)
Here the total Hamiltonian HT is represented according
to (31), so that H′T does not depend on the operators
(A†n, An).
Now let’s impose an additional pair of second class
constraints
An = 0 , A
†
n = 0 . (34)
By definition, under the constraints (34) any operator Ψ
is reduced to the operator Ψ′ in (31). For any operators
Ψ, Φ the Dirac bracket arising under the constraints (34)
is defined according to the following equality:
[Ψ, Φ]∗ ≡ [Ψ′, Φ′] . (35)
The remarkable property of the considered theory is the
fact that
[Ψ, HT ]
∗ ≈ [Ψ, HT ] . (36)
Here the approximate equality means that after the im-
position of all first and second class constraints the op-
erators in the both sides of Eq. (36) coincide, that is the
weak equality (36) reduces to the strong one. Relation
(36) follows immediately from Eqs. (33) and (35). Eq.
(36) means that the Heisenberg equation
iΨ˙ = [Ψ, HT ]
∗ (37)
for any field in reduced theory coincides weakly with cor-
responding Heisenberg equation in nonreduced theory.
Evidently, this remarkable conclusion retains true under
imposition of any number of pairs of the second class con-
straints of the type (34). Thus, it is naturally to accept
5Axiom 2. In the case of compact space the index n
in axiom 1 runs a finite set of indexes: n = 1, . . . , N .
Moreover, it is assumed that the packing of modes in mo-
mentum space is essentially noncompact.
Axiom 3. The equations of motion and the con-
straints for the physical fields have the same form (up
to the arrangement of the operators) as the correspond-
ing classical equations and constraints.
The axiom 2 states not only ultraviolet regularization
of the theory but also the ”spectrum loosening” phe-
nomenon. The axiom 3 is a consequence of Eqs. (36)
and (37).
In considered theory the totality of equations of motion
and constraints include Einstein equations and matter
field equations of motion. Further for brevity I shall call
all these equations as equations of motion. To obtain
the solutions in such theory one must substitute to the
equations of motion the fields decomposed according to
Ψ(x) = Ψ′(x) +
N∑
n=1
{
ψ(+)n (x)An +A
†
nψ
(−)
n (x)
}
. (38)
By definition only the wave functions {ψ
(±)
n } are decom-
posed in series of operators {A†n, An} but not the field
Ψ′. So the equations of motion become the series in the
powers of operators {A†n, An}; evidently, the c-numerical
coefficients at different powers of operators {A†n, An} are
equal to zero separately. Thus the chain of c-numerical
differential equation arises, the zeroth approximation of
which is the classical Einstein equation. It is important
that the equations of motions are general covariant. This
is the consequence of axiom 3 and the fact that the cor-
responding classical equations are general covariant.
I call the quantization of gravity stated by axioms 1–3
as dynamic quantization [4], [7].
5. Now, using the aforesaid, let’s give some general
estimations.
For simplicity let’s consider the contribution to the cos-
mological constant due to Dirac sea. The contribution
to the energy-momentum tensor from the massless Dirac
field on the mass shell has the form
Tψ µν =
i
2
(
ψ γa ea(µDν)ψ − ea(µDν)ψ γ
a ψ
)
, (39)
and according to axioms 1 and 2 the Dirac field is de-
composed as follows:
ψ(x) =
N∑
n=1
(
an ψ
(+)
n (x) + b
†
n ψ
(−)
n (x)
)
+ . . . ,
{ am , a
†
n } = { bm , b
†
n } = δm,n , an|0〉 = bn|0〉 = 0 .
Here the positive/negative-frequency (in a sense, see
[7]) wave functions {ψ
(±)
n (x)} do not depend on
{an, a†n, bn, b
†
n}. It is easy to find the vacuum expec-
tation value of the quantity (39) in the second order [9]:
〈Tψ µν〉0 = Re
[
i
N∑
n=1
ψ
(−)
n γ
ae
(0)
a(µD
(0)
ν) ψ
(−)
n
]
. (40)
Now let us take into account that the dynamics of uni-
verse is governed by the inflation scenario. In the zeroth
order the metric is expressed as
d s
(0) 2 = d t
2 − a2(t) dΩ2 , (41)
where dΩ2 is the metric on unite sphere S3 and a(t) is
the scale factor of universe. It follows from the Dirac
equation that the integrals∫
dV
(0)(t)ψ(±)†m (t)ψ
(±)
n (t) = δmn (42)
are conserved. Using Eqs. (42) we obtain the estimations
for the wave functions in (40):∣∣∣ψ(±)n (t)ψ(±)n (t)∣∣∣ ∼ 1/a3(t) . (43)
Therefore the estimation for the value (40) is as follows:
〈Tψ µν(t)〉0 ∼ (N kmax)/a
3(t). (44)
It is naturally to suppose that kmax ∼ l
−1
P ∼ 10
33cm−1,
or kmax ∼ kSS if supersymmetry is restored at |k| >
kSS ∼ 104GeV ∼ 1018cm−1.
To estimate the number N in (44) (the total number
of degrees of freedom) I use the following formula:
N ∼
∫ kmax d3 k
(∆kmin)3
(
∆kmin
|k |
)α
, α = 1. (45)
The measure under the integral (45) is Lorentz-invariant
and the value ∆kmin has the sense of the nearest mo-
menta difference modulo. For α = 0 and ∆kmin =
2pi/a(t) the measure in (45) coincides with the usual one
for dense mode packing. I take
∆kmin ∼ 10
21cm ∼ 10−7L , (46)
where L = 1028cm (the dimension of observed part of
Universe).
Thus from Eqs. (44)–(45) an interesting inequality is
obtained:
16piG〈Tµν〉0 ∼
l2P k
3
max
(∆kmin)2a3(t0)
≤ Λ . (47)
From here the following estimation for the present di-
mension of universe is find:
a(t0) ≥ 10
15L . (48)
6Analogously, in supersymmetric case
a(t0) ≥ L . (49)
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